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Quantification of Einstein-Podolski-Rosen steering for two-qubit states
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In the last few years, several criteria to identify Einstein-Podolski-Rosen steering have been proposed and
experimentally implemented. On the operational side, however, the evaluation of the steerability degree of a
given state has shown to be a difficult task and only a few results are known. In this work, we propose a
measure of steering that is based on the maximal violation of well established steering inequalities. Applying
this approach to two-qubit states, we managed to derive simple closed formulas for steering in the two- and three-
measurement scenarios. We also provide closed formulas for quantifiers of Bell nonlocality in the respective
scenarios. Finally, we show that our measures of steering verify the entanglement-steering-nonlocality hierarchy
and reproduce results reported so far.
Introduction. The notion of steering was introduced by
Schro¨dinger in 1935 [1, 2], within the context of the Einstein-
Podolski-Rosen (EPR) paradox, to name the ability of an ob-
server to affect the state of a far remote system through local
measurements. Specifically, if Alice and Bob share an entan-
gled state, by performing measurements only in her part of the
system, she can remotely steer Bob’s state. This is not possi-
ble if the shared state is only classically correlated. This kind
of quantum correlation is today known as EPR steering (or,
simply steering).
Recently, steering was given an operational interpretation in
a context in which Alice wants to persuade Bob, who does not
trust her, that they share an entangled state [3, 4]. In this sce-
nario, these works established a hierarchy according to which
steering lies in between entanglement [5] and Bell nonlocal-
ity [6], this meaning that not every entangled state is steerable
and not every steerable state is Bell nonlocal. The proof that
entanglement, steering, and nonlocality are inequivalent when
general measurements are considered was given only posteri-
orly [7].
Steerable states were shown to be advantageous for tasks
involving randomness generation [8], subchannel discrimi-
nation [9], quantum information processing [10], and one-
sided device-independent processing in quantum key distri-
bution [11], within which context a resource theory of steer-
ing has recently been formulated [12]. In addition, it has been
proved that any set of incompatible measurements can be used
for demonstrating EPR steering [13, 14] and that steering is
fundamentally asymmetrical [15]. On the experimental side,
verifications of steerability have been reported for Bell-local
entangled states [16], entangled Gaussian modes of light [17],
and also in loophole-free experiments [18–20].
Most of the aforementioned works diagnose steerability by
testing necessary conditions, which are usually stated in terms
of inequalities. The contributions of Reid [21] and Caval-
canti et al [22] define a seminal framework to this approach.
Steering inequalities based on entropic uncertainty relations
have also been proposed and experimentally tested [23–25].
Further tools have been proposed to signalize steering, as
for instance the all-versus-nothing proof without inequali-
ties [26], steering witnesses [27], Clauser-Horne-Shimony-
Holt (CHSH)-like inequality [28, 29], and geometric Bell-like
inequalities [30].
Despite the vast knowledge accumulated so far with regard
to witnessing steering, it is remarkable that, unlike nonlocality
and entanglement, for which simple measures exist at least for
some particular contexts [31–33], there is still scarce literature
concerning the quantification of the steerability degree of a
given quantum state. Developments along this line consist of
the steering weight [34], whose evaluation demands the use
of semidefinite programming (which is also the case for the
computation of the steering robustness [9]), and a measure of
steering for arbitrary bipartite Gaussian states of continuous
variable systems [35]. In particular, there is no closed formula
even for the very important (and simple) case involving two-
qubit states and a few measurements per site.
The aim of this Rapid Communication is to fill this gap.
Confining ourselves to two- and three-measurement scenar-
ios, we propose to quantify steering as the amount by which
a given inequality is maximally violated. Focusing on some
well-established steering inequalities, we derive measures that
verify the entanglement-steering-nonlocality hierarchy and re-
produce known results.
Steering inequalities. We start by collecting some results
concerning the detection of steering. In a seminal paper [22],
Cavalcanti, Jones, Wiseman, and Reid (CJWR) developed an
inequality to diagnose whether a bipartite state is steerable
when Alice and Bob are both allowed to measure n observ-
ables in their sites. This inequality is composed of a finite
sum of bilinear expectation values:
FCJWRn (ρ ,µ) =
1√
n
∣∣∣ n∑
i=1
〈Ai⊗Bi〉
∣∣∣6 1, (1)
where Ai = uˆi ·~σ , Bi = vˆi ·~σ , ~σ = (σ1,σ2,σ3) is a vector com-
posed of the Pauli matrices, uˆi ∈ R3 are unit vectors, vˆi ∈ R3
are orthonormal vectors, µ = {uˆ1, · · · , uˆn, vˆ1, · · · , vˆn} is the
set of measurement directions, 〈Ai⊗Bi〉 = Tr(ρAi⊗Bi), and
ρ ∈HA⊗HB is some bipartite quantum state. More recently,
Cavalcanti et al. [28] considered a scenario in which Alice
performs two dichotomic measurements while Bob performs
two mutually unbiased qubit measurements. These authors
then derived the following CHSH-like steering inequality:
FCHSH2 (ρ ,µ) = 12
[√
f+(ρ ,µ)+
√
f−(ρ ,µ)
]
6 1, (2)
where f±(ρ ,µ) = 〈(A1 ±A2)⊗B1〉2 + 〈(A1 ±A2)⊗B2〉2. It
was recently shown [29] that the maximal value that the func-
tion 2FCHSH2 (ρ ,µ) can reach is 2
√
2, which corresponds to
Cirel’son’s bound.
2The aforementioned inequalities can be represented in the
form Fn(ρ ,µ) 6 1, where Fn is some real-valued function, µ
is a set of measurements, and ρ is a bipartite state. Violations
of these inequalities imply that ρ is steerable for some µ , but
do not indicate how much steering this state possesses.
Steering measure. Here we propose to quantify the degree
of steerability of a given state by considering the amount by
which a steering inequality is maximally violated. The ratio-
nale behind this strategy is identical to the one usually em-
ployed to quantify Bell nonlocality in bipartite states [6, 31]:
a state that violates more an inequality, thus being more robust
under noisy channels, is said to be more nonlocal (of course,
this is not the only path for nonlocality quantification [36]).
In this sense, our approach is also intuitively related to the no-
tion of steering robustness [9]. We then propose the following
measure of steering for a state ρ :
Sn(ρ) := max
{
0, Fn(ρ)− 1
Fmaxn − 1
}
, (3)
where
Fn(ρ) = maxµ Fn(ρ ,µ) (4)
and Fmaxn =maxρ Fn(ρ). The normalization factor Fmaxn −1 was
introduced to render Sn(ρ) ∈ [0,1]. The inner maximization is
taken over all measurement settings µ , while the outer one se-
lects maximal values that are greater than 1. Although Eq. (3)
provides an intuitive operational measure of steering, this for-
mulation still is mathematically involving due to the maxi-
mizations required. Nevertheless, we now show that analyti-
cal results can be obtained for any two-qubit state.
Results. In Ref. [39], Luo showed that any two-qubit state
can be reduced, by local unitary equivalence, to
ς = 14
(
1⊗1+~a ·~σ ⊗1+1⊗~b ·~σ +
3
∑
i=1
ci σi⊗σi
)
, (5)
where 1 is the 2× 2 identity matrix and {~a,~b,~c} ∈ R3 are
vectors with norm less than unit. Because the state purity
P(ς)≡Tr(ς2)= 14
(
1+~a2+~b2+~c2
)
is upper bounded by unit,
we must have
~a2 +~b2 +~c2 6 3. (6)
We now proceed to construct steering measures in accor-
dance with the prescription (3). We start by the maximization
of FCJWRn (ς ,µ) given in the inequality (1). Using the state (5),
we obtain the following expectation values:
〈uˆi ·~σ ⊗ vˆi ·~σ〉=
3
∑
r=1
uircrvir ≡ 〈ui|C |vi〉 ≡ Ci, (7)
where C ≡ ∑r cr|er〉〈er| is a Hermitian operator with eigen-
values cr, uˆi = |ui〉= ∑r uir|er〉, and vˆi = |vi〉= ∑r vir|er〉. For
convenience, we have adopted bra-ket notation for the vectors
{uˆi, vˆi}. Notice that FCJWRn will not depend on either~a or~b. Let
us define
|αi〉 ≡ C |ui〉 (8)
such that Ci = 〈αi|vi〉. This overlap is upper bounded by the
norm αi =
√〈αi|αi〉 of the vector |αi〉. Aiming at maximizing
FCJWRn (ς ,µ) = |∑i Ci|/
√
n we then take all vectors |αi〉 and |vi〉
to be parallel, that is,
|αi〉= αi|vi〉. (9)
This can always be done, as we will discuss below. The or-
thonormality condition 〈v j|vi〉 = δi j yields 〈α j|αi〉 = α2i δi j
and 〈α j|vi〉 = αiδi j. Defining |α〉 ≡ ∑i |αi〉 and |v〉 ≡ ∑i |vi〉,
we obtain that 〈α|v〉 = ∑i 〈αi|vi〉. This inner product is then
an upper bound for ∑i Ci. Hence,
FCJWRn (ς ,µ) =
1√
n
∣∣∣∑
i
〈αi|vi〉
∣∣∣6 |〈α|v〉|√
n
. (10)
To find the maximum upper bound we impose that the vectors
|α〉 and |v〉 be parallel, that is,
|α〉/α = |v〉/v, (11)
where α =
√〈α|α〉 and v =√〈v|v〉 =√n (by the orthonor-
mality of {|vi〉}). Therewith,
FCJWRn (ς ,µ)6 α, (12)
where
α2 =
n
∑
i=1
α2i =
n
∑
i=1
〈αi|αi〉=
n
∑
i=1
〈ui|C 2|ui〉. (13)
To determine α , we first notice, by Eqs. (8) and (9), that
C |ui〉√
〈ui|C 2|ui〉
= |vi〉. (14)
The orthonormality of {|vi〉} implies that the choice (9) will
always be possible as long as 〈u j|C 2|ui〉 = α2i δi j. This result
requires |ui〉 to be an eigenstate of C 2 with eigenvalue α2i =
c2i . It follows, therefore, that α2 will be maximal if we choose
vectors |ui〉 that give the greatest eigenvalues of C . With that,
we finally obtain the maximal values
FCJWR2 (ς) =
√
c2− c2min and FCJWR3 (ς) = c, (15)
where c =
√
~c2 and cmin ≡ min{|c1|, |c2|, |c3|}.
It is worth noticing that these maximal values are tight. To
show this, we start from FCJWRn (ς ,µ) = |∑i Ci|/
√
n and use
|∑i Ci|6 ∑i |Ci|, where Ci = 〈αi|vi〉. By the Cauchy-Schwarz
inequality we have |〈αi|vi〉|2 6 〈αi|αi〉 = α2i . Now, because
(αi − α j)2 > 0, which implies that 2αiα j 6 α2i + α2j , one
has that (∑ni=1 αi)2 = ∑i α2i + 2∑i> j αiα j 6 n∑ni=1 α2i , equal-
ity holding only if all αi are equal. Thus far, we have then
established the following tight inequalities:
FCJWRn (ς ,µ) = 1√n
∣∣∣∑
i
〈αi|vi〉
∣∣∣6 1√
n ∑
i
αi 6
√
∑
i
α2i . (16)
Now, it is immediately seen that assumption (9) saturates the
first inequality in the chain (16). By its turn, assumption (11),
which means that ∑i αiα |vi〉=∑i 1√n |vi〉, implies that αi
√
n=α
for all i. It is easy to see that this relation saturates the last
3inequality in the chain (16) and gives maxµ FCJWRn (ς ,µ) = α ,
in agreement with Eqs. (12) and (15).
We now proceed to the maximization of FCHSH2 (ς ,µ) given
in the inequality (2). By Eq. (7) one has 〈Ai⊗B j〉= 〈ui|C |v j〉,
from which it follows that
f± = (〈u1|C |v1〉± 〈u2|C |v1〉)2 +(〈u1|C |v2〉± 〈u2|C |v2〉)2.
Since 〈Ai⊗B j〉 are real and ∑2i=1 |vi〉〈vi|= 1, one then shows
that f± = 〈u1|C 2|u1〉 + 〈u2|C 2|u2〉 ± 2〈u1|C 2|u2〉. Using
|αi〉 ≡ C |ui〉, we write f± = α21 +α22 ± 2α1α2 cosθ , with θ
the angular separation between |α1〉 and |α2〉. For fixed α1,2,
maximization over θ gives
√ f + +
√ f− 6 2(α21 + α22 )1/2.
The upper bound, which occurs for θ = pi/2, can always be
reached by choosing {|u1〉, |u2〉} so as to verify 〈α1|α2〉 =
0. In this case, we can again define |α〉 = ∑2i=1 |αi〉 and
reduce the right-hand side of the above inequality to α =√〈α|α〉, which can be written as in Eq. (13). We then ob-
tain FCHSH2 (ς ,µ) 6 α . Now it becomes obvious that we ar-
rived precisely at the same optimization problem as defined
by Eqs. (12) and (13) with n = 2. We then conclude that
FCHSH2 (ς) =
√
c2− c2
min = F
CJWR
2 (ς). (17)
We have numerically checked, over 107 randomly generated
settings µ , that (15) and (17) are indeed tight maximal values
for their corresponding Fn(ς ,µ). To determine Fmaxn , one may
use the inequality (6) with~a2 =~b2 = 0 and the fact that |ci|6 1
to obtain that maxς FCJWRn (ς) =
√
n. Thus, we come back to
Eq. (3) to derive our final formula for the two-qubit steering:
Sn(ς) = max
{
0, Λn− 1√
n− 1
}
, (18)
Λ2 =
√
c2− c2
min, Λ3 = c,
which holds for any two-qubit state of form (5) in settings in-
volving n= 2,3 measurements per site. Notice that Sn(ς) does
not depend on either ~a or ~b. Interestingly, our results show
that the proposal of quantifying steering via maximal viola-
tion unifies the notions of steering deriving from inequalities
that are a priori very different, as (1) and (2).
Entanglement, steering, and nonlocality. We are now in-
terested in assessing what hierarchy is implied by our mea-
sures of steering in relation to pertinent quantifiers of entan-
glement and nonlocality. To this end, we construct a measure
of CHSH nonlocality, i.e., a quantifier for the maximal vi-
olation of the CHSH inequality, which refers to a scenario
involving two measurements per site. Horodecki et al de-
rived a necessary and sufficient condition for the violation of
this inequality by generic mixed spin-1/2 states [31]. Defin-
ing a nonnegative quantity MTρ as a function of a matrix Tρ
with elements ti j = Tr(ρσi ⊗ σ j) and showing that Bmax =
maxν〈BCHSH〉ρ = 2
√
MTρ , where the maximum is taken over
all measurement settings ν = {xˆ1,2, yˆ1,2}, they proved that the
CHSH inequality |〈BCHSH〉ρ | = |Tr(ρBCHSH)| 6 2, with a Bell
operator BCHSH = xˆ1 ·~σ ⊗ (yˆ1 + yˆ2) ·~σ + xˆ2 ·~σ ⊗ (yˆ1− yˆ2) ·~σ ,
will be violated by ρ if and only if MTρ > 1. Of particular
importance here is the fact that, for a symmetric matrix Tρ ,
MTρ = t21 + t22 , where |t1|> |t2|> |t3| are the eigenvalues of Tρ .
By direct comparison of the state (5) with the state (1) defined
in Ref. [31], we infer that Tς .= {c1,c2,c3} (a diagonal matrix),
which implies that MTς = c2−c2min. Now, following the reason-
ing of the previous section and inspired by the results reported
in Ref. [40], we define our quantifier of CHSH nonlocality as
the amount by which the aforementioned inequality is max-
imally violated, i.e., N2(ρ) ∝ max{0,Bmax − 2}. Adopting a
convenient normalization, we arrive at
N2(ς) = max
{
0,
√
c2− c2
min− 1√
2− 1
}
, (19)
which is manifestly equal to S2(ς). This shows that the no-
tions of steering and Bell nonlocality here derived are indis-
tinguishable in the two-measurement scenario.
Let us compare S2(ς) = N2(ς) with S3(ς). From Eqs. (18)
and (19) it is easy to see that these correlations will be present
if and only if c2 > 1+ c2
min and c2 > 1, respectively. Hence,
as the former inequality implies the latter, all CHSH-nonlocal
states will necessarily be steerable (symbolically, N2 ⇔ S2 ⇒
S3). However, not every state that is three-steerable (i.e., steer-
able in a three-measurement scenario) will be two-steerable
and CHSH-nonlocal. For the comparison with entanglement,
we invoke the concurrence, which for a two-qubit state ρ
reads E(ρ) = max{0,√λ1 −
√
λ2 −
√
λ3 −
√
λ4}, with λ1 >
λ2 > λ3 > λ4 the eigenvalues of ρ(σ2⊗σ2)ρ∗(σ2⊗σ2), and
ρ∗ the complex conjugate of ρ written in the computational
basis [32]. In what follows, we will employ a very useful
result, recently proved by Jafarpour and Sabour [41], accord-
ing to which the concurrence of any two-qubit state is lower
bounded by the concurrence of a related X state. We can write
an arbitrary two-qubit X state ρX as follows. Let ρ j j be the
diagonal terms and ρ jk = |ρ jk|eiφ jk ( j < k) the antidiagonal
ones, with ρk j = ρ∗jk. It is a proven fact [42] that the concur-
rence of such a state can be written as
E(ρX) = 2max{0, |ρ23|−√ρ11ρ44, |ρ14|−√ρ22ρ33} . (20)
Applying the local unitary transformation U ≡ U+ ⊗U−,
with U± = e−iφ±σ3 and φ± = 14 (φ14±φ23), one finds a five-
parameter X state of form
UρXU† .=


ρ11 0 0 |ρ14|
0 ρ22 |ρ23| 0
0 |ρ23| ρ33 0
|ρ14| 0 0 ρ44

 . (21)
The X state (21) can be parametrized as in Eq. (5) by suitably
choosing matrix elements as ρ jk = ρ jk(a3,b3,~c). Therefore,
up to a local unitary transformation that preserves every quan-
tum correlation Q, any X state can be written in the form (5),
with a1,2 = b1,2 = 0. Formally, Q(ρX) = Q(ς(a3,b3,~c)). The
Jafarpour-Sabour result [41] then implies that
E(ς(~a,~b,~c))> E(ς(a3,b3,~c)), (22)
which indicates that the entanglement of any two-qubit state
ς(~a,~b,~c) is lower bounded by the concurrence of the as-
sociated X state ς(a3,b3,~c). Using formula (20), we can
4show that the entanglement of ς(a3,b3,~c) can be written as
E(ς(a3,b3,~c)) = 12 max{0,χ+,χ−}, where χ± ≡ |c1 ± c2| −
[(1± c3)2 − (a3± b3)2]1/2. Since (a3± b3)2 is non-negative,
it follows that
E(ς(a3,b3,~c))> E(ς(0,0,~c)). (23)
Let λ1 > λ2 > λ3 > λ4 be the set of eigenvalues of ς(0,0,~c),
with λ1 the greatest element. We can rewrite χ± as
E(ς(0,0,~c)) = max{0,e}, e= 2λ1− 1. (24)
By its turn, S3 can be written in terms of the purity P = ∑i λ 2i
of ς(0,0,~c) as
S3(ς(0,0,~c)) = max{0,s}, s=
√
4P− 1− 1√
3− 1 . (25)
To prove that nonseparability is a necessary condition for
steerability, we use the fact that (∑i>1 λi)2 > ∑i>1 λ 2i . Since
P = λ 21 +∑i>1 λ 2i and λ1 +∑i>1 λi = 1, we can rewrite this
inequality as P + 2(λ1 − λ 21 ) 6 1. Given that e = 2λ1 − 1,
it follows that e >
√
2P− 1. By this inequality and Eq. (25)
we see that in order for S3 > 0, which requires P > 12 , it is
necessary that E = e > 0, which proves the point. That en-
tanglement can exist without steering can be shown by taking
ci = −w with w ∈ [0,1], which makes ς(0,0,~c) reduce to a
2×2 Werner state. Explicit calculation gives λ1 = (1+3w)/4
and P = (1+ 3w2)/4. As a consequence, e= (3w− 1)/2 and
s = (w
√
3− 1)/(√3− 1). We see that while steering only
appears for w > 1/
√
3, which is in full agreement with pre-
viously reported results [34], entanglement is already present
for w > 1/3. By inverting Eq. (25) we obtain P = P(s) and,
because e>
√
2P− 1, we conclude that
E(ς(0,0,~c))> S3(ς(0,0,~c)). (26)
By the relations (22), (23), and (26), we establish that
E(ς)> S3(ς) (27)
for any two-qubit state written in the form (5), which then
means that S3 ⇒ E [43]. With that, we conclude that for the
whole set of two-qubit states it holds that
N2 ⇔ S2 ⇒ S3 ⇒ E, (28)
implying a hierarchy according to which all CHSH-nonlocal
states are steerable and all steerable states are entangled [3].
We numerically checked the hierarchy (28) over 107 randomly
generated states ς(0,0,~c).
In light of the result S2(ς) = N2(ς), the question arises
whether S3 would also be equivalent to a measure of Bell
nonlocality involving three dichotomic measurements per site.
We now prove that this equivalence does not exist. To this end,
it is sufficient to focus on the Werner states ρw = ς(0,0,~c)
with ci = −w and w ∈ [0,1]. We construct a nonlocality mea-
sure, to be called N3, that quantifies the maximal violation of
the Bell-3322 inequality [44], which can be stated as
I3322 = p(A1B1)+ p(A2B1)+ p(A3B1)+ p(A1B2)
+ p(A2B2)− p(A3B2)+ p(A1B3)− p(A2B3)
− p(A1)− p(B2)− 2p(B1)6 0, (29)
where p(AiB j) = Tr(Mi⊗M j ρ) and p(Ak) = Tr(Mk ⊗ 1ρ)
are probabilities associated with the von Neumann measure-
ments Mi = 12(1+ uˆi ·~σ), for unit vectors uˆi ∈ R3. Direct cal-
culations yield p(AiB j) = 14 (1−wuˆi · vˆ j) and p(Ak)= 12 . From
(~ui −~v j)2 > 0 we derive the inequality ~ui ·~v j 6 12
(
~u2i +~v
2
j
)
,
with which we can show that I3322 6 5w4 − 1. Then, for 2× 2
Werner states, we have the following normalized measure of
Bell-3322 nonlocality:
N3(ρw) = max{0,5w− 4}. (30)
According to Eq. (18), S3(ρw) = max
{
0, w
√
3−1√
3−1
}
, which ex-
plicitly shows that S3 and N3 are inequivalent. At last, by di-
rect inspection of the analytical results for ρw, we verify that
N3 ⇒ N2 ⇔ S2 ⇒ S3 ⇒ E for all 2×2 Werner states. Clearly,
the expected hierarchy is satisfied for N3 as well.
Concluding remarks. By looking at the maximal amount
by which some steering inequalities are violated, we have
derived closed formulas to quantify the steering of any two-
qubit state of form (5) in the two- and three-measurement
scenarios. We also derived quantifiers of Bell nonlocality for
each scenario. Besides correctly verifying the entanglement-
steering-nonlocality hierarchy, our measures reproduce previ-
ously reported results. An open question is whether our strat-
egy, as well as the robustness of steering [9] and the steering
weight [34], would lead to any sort of “anomaly” [45] for bi-
partite states of higher dimension. In the affirmative case, it
would be interesting to test further proposals, as for instance
to compute steering by looking at the volume of violations in
the parameter space [38].
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